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T h e r m o e l a s t i c  s t r e s s e s  in a long hollow cy l inde r  a r e  cons ide red  when a un i formly  d i s t r i -  
buted heat  flux is appl ied  to the ins ide  s u r f a c e  and the outs ide su r face  is  hea t - in su la t ed .  

Calcula t ion  of the t e m p e r a t u r e  and s t r e s s  f ields in the wall of a hollow cy l inder  with a s h o r t - d u r a -  
t ion heat  flux appl ied  to the ins ide  su r f ace  is  of p r a c t i c a l  i n t e r e s t  --  p a r t i c u l a r l y  for  ana lys i s  of the t h e r -  
mal  r e g i m e  in the envelope of a tubu la r  f lash lamp [1]. 

An app rox ima te  solut ion has been given in [2] for  the hea t -conduc t ion  p rob lem for a hollow cyl inder ;  
the solut ion is convenient  when the F o u r i e r  number  is  sma l l .  It app l ies  to the case  in which the t e m p e r a -  
tu re  is  main ta ined  constant  at both s u r f a c e s  of the cy l inder .  An exact  solut ion has been given in [3] for the 
t h e r m o e l a s t i c i t y  p r o b l e m  for  a hollow cy l inde r  when the re  is  convect ive heat ing of one su r f ace  and cooling 
of the other ;  an app rox ima te  solut ion for  the in i t ia l  s tage  of heat  t r a n s f e r  has been obtained in [4]. 

Below we obtain an app rox ima te  solut ion of the t h e r m o e l a s t i c i t y  p rob lem for  a hollow cy l inder  
hea ted  on the ins ide  su r f ace  by a heat  flux; the solut ion may be used for smal l  F o u r i e r  numbers  and i ts  
r eg ion  of app l i cab i l i t y  is e s t ima ted  by c o m p a r i s o n  with the r e s u l t s  of an exact  solut ion of the p rob l em.  

We cons ide r  a long hollow cy l inder  r 0 -< r -< R whose ins ide  su r f ace  is ac ted on by a un i fo rmly  d i s -  
t r ibu ted  heat  flux having a power  Q(T) pe r  unit su r f ace  a r e a .  We neglect  heat  t r a n s f e r  f rom the outs ide 
s u r f a c e .  The in i t ia l  t e m p e r a t u r e  of the cy l inder  is  0~ 
found f rom the hea t -conduc t ion  equation [5, 6] 

1 at (r, T) 
a Or 

for  the in i t ia l  and boundary condit ions 

The t e m p e r a t u r e  d i s t r ibu t ion  t(r ,  r)  can be 

a~ l ( r ,  r )  . 1 _at(r, T) 

a r  ~ r c)r 
( i )  

t(r, O) .... O, - -~, ,  ,,i,L,,L:{.Z "" "~ . . . . .  Q(r at(R, ~) = 0 .  '(2) 
ar  d r  

Trea t ing  the p r o b l e m  as a q u a s i - s t a t i c  one, we can ca lcu la te  the t h e r m o e l a s t i c  s t r e s s e s  in the hollow cy-  
l inder  f rom the following fo rmulas  (see, for  example ,  [3, 7]): 

�9 R 

[ i, r ' 
/-2 - i -  r 0 ( '  

t~;o(r, T) . . . . .  ~ L .  - - l ( r ,  T) ' | T) r d r  i r .Z(R. - - r  O) 
l - - -  v r ~ , " ~ ' 

r~ ro 
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r ~  r o 

If the ends of the cy l inder  a r e  f ree ,  then 

(3) 

(4) 

er z(r, T) :(To(r, T) - -qr ( r ,  T). 
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I f  t h e  ends  a r e  r i g i d l y  c l a m p e d ,  

%(r ,  T) = - -  o:Et (r, "c) ~ v [ % ( r ,  x ) - F d r ( r ,  T)I. 

L e t t i n g  

ax R ~, 
F o - -  r~ ' l e =  , t*(r,  T ) - -  t (r ,  % 

r o Aro 

we m a y  r e p r e s e n t  t h e  s o l u t i o n  of  the  p r o b l e m  (1), (2) f o r  Q( r )  = A in  t h e  f o l l o w i n g  f o r m  [8, 5]: 

1 2 F o - -  1 1 - - 2  __  k~ 3 In k 4 -  
t* (r, "0 --  kZ __ 1 . 4 -  " 4 k ~ - - ~  

kr~ n=I x,~ [J, (xn) - -  S~ (kx~)] \ r o / 

- -  Ji  (kx,,) g o  x~  

w h e r e  x n a r e  t he  r o o t s  of t h e  c h a r a c t e r i s t i c  e q u a t i o n  

J1 (x) Y1 (kx) - -  Y1 (x) 51 (kx) = 0. 

S u b s t i t u t i n g  (5) i n to  (3), (4) and  l e t t i n g  

era' (r, ~) - ~ ( 1 - -  ~) ~o (r, ~), ~* (r, ~) - 
a E  Ar o 

we o b t a i n  t he  f o l l o w i n g  s t r e s s  d i s t r i b u t i o n s :  

1 
~ (r, ~) - 

8 (k ~- -i) 

a E A r  o 

( P" , ~2 r~'~ k ~ 

r o r ~ ] 2 (k 2 - -  1) 

>, [1.__ h.l ( k  > )  __ \ r~ ] ' ~ J a ~ x , , , g , ( l e x , , )  

r " Yi (fix,.,) J, x,, 7 o -  -" . . . . .  :< x (kx,,) Yo x,~ - -  x ,r  
i 

(5) 

(6) 

(7) 

r " J1 (tex~) Y1 x,, • Y,(kx ,~)J1  x,~ --- 

a ? ( r ,  x ) - -  8 ( U - - l )  r2 ] . 2(k2__1) r~ k2__l l n k - -  

o~ 

x - -  In k - - a  "< (8) 

~=, x~ z _  I:~ c ,2  - af (k,,,)] 
r o 

X Yi (kxn) Ji r - -  Jl (kxn) Yi Xn exp ( - -  x~ Fo). 
\ 

A s  w e  m i g h t  e x p e c t ,  no r a d i a l  s t r e s s e s  on t h e  i n s i d e  and  o u t s i d e  s u r f a c e s  of t h e  h o l l o w  c y l i n d e r  
a p p e a r  in  (8). T a k i n g  i n to  a c c o u n t  (6) a n d  t h e  f a m i l i a r  e x p r e s s i o n  

2 
J~ (z) Yo (z) - -  J0 (z) Y, (z) = - - ,  

a z  

we o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n s  f r o m  (7) f o r  t h e  t a n g e n t i a l  s t r e s s e s  on t h e  s u r f a c e s  of  t h e  c y l i n d e r :  

1 k "2 ( 2k" , ~ l  J~ (kx~)exp  (--Xn Fo) (9) 
(to, T )  - -  \ I  2 _ _  l n k  + 2  2 ~- , 

4 2 (k = - -1 )  k 1) ] ~n=l xn [dl (xn) - -  J~ (kx,~)] 

J1 (x,O .1"1 (kx,,) exp ( - -  x~ Fo). o~ =(R, "0 1 ! 1 -- Ink -F2  
4 2 (k ~ - -1)  k ~ 1 

" n==l 

(1 o) 
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When the  hea t  f lux v a r i e s  with t i m e  we can  obta in  the s t r e s s e s  f r o m  the e x p r e s s i o n s  for  the  s t r e s s e s  
u n d e r  cons tan t  hea t  f lux by app ly ing  the  D u h a m e l  t h e o r e m  (see,  fo r  e x a m p l e  [7]). 

It is d i f f icul t  to  u s e  the  exac t  so lu t ions  (5), (7)-(10) at  the  in i t ia l  s t age  of d e v e l o p m e n t  of the  wa l l -  
t e m p e r a t u r e  f ie ld  s i nce  s e r i e s  c o n v e r g e n c e  is s low fo r  s m a l l  Fo.  Thus we m a k e  u s e  of  a so lu t ion  me thod  
[5, 6] fo r  p r o b l e m s  of n o n s t a t i o n a r y  hea t  conduct ion  in which the so lu t ion  is  obta ined  in the  p lane  of Lap l ace  
t r a n s f o r m s  by m e a n s  of a s y m p t o t i c  expans ion  of the t r a n s f o r m  into a r ap id ly  conve rg ing  s e r i e s ;  a f t e r  
going o v e r  to the doma in  of the o r ig ina l  we find the  t e m p e r a t u r e  fo r  s m a l l  Fo.  The  so lu t ion  of (1), (2) in 
the  L a p l a c e - t r a n s f o r m  p lane  is  

t(r, p) -- -~ (p) " K l ( q R )  Io  (qr) ], (qR) K,  (qr) 
kq 11 (qR) K1 (qru) - -  11 (qro) K1 (qR) ' 

q- -  [ , F(r. p)==.I't(r. T) exp(--pT)d-~, ( I i )  
0 

>o 

(p) ::: ,!' Q (T) exp (-- p+) d~. 
0 

Let  us  app ly  a L a p l a c e  t r a n s f o r m  with r e s p e c t  to the v a r i a b l e  r to (3), (4). Subst i tu t ing (11) into the  
r e s u l t i n g  e x p r e s s i o n s ,  we find the fol lowing fo r  the  s t r e s s e s  in the t r a n s f o r m  p lane :  

aE-Q (p) [ K~ (qR) Io (qr) -i- I~ (qR) Ko (qr) + 
~~ P) -- k ( ~ )  q ~ 11 (qR) K~(qro)--Ii(qro) KI(qR) 

r 2 

+ q--r-" 11 (qR) K1 (q%) - -  Ii (qro) KI (qR) qr , k ~ 1 ' 
f 2  

~ 2  - - -  

~.EQ (p) [ r o r~ 
ar(r' P) - -  ~-(l--v) q 2r L r k2--1 

I~ (qR) t~  (qr) - -  I(,~ (qR) I, (qr) ] . (13) 
1~ (qR) 1~1 (qr o) - -  P(1 (qR) 11 (qro) J 

The  a s y m p t o t i c  expans ions  of the  modi f ied  B e s s e l  funct ions  fo r  l a r g e  qr ,  which c o r r e s p o n d  to s m a l l  
Fo va lues  in the p lane  of o r i g i n a l s ,  have  the  f o r m  

in(qr) - e x p ( q r ) i 1  @F'--I (4n+--l)(4n+---3 +) ] 
I 2~tqr 1! 8qr ' 2l (8qr) ~ . . . .  (14) 

l / f  - [ @f-' --I1,8qr (4n~ - -  1) (4n2--32) ~2t (8qr) 2 ] "Kn(qr) = ~ r r -  exp(--qr)  1-:- : . . . .  (15) 

~n the  expans ions  (14), (15), w h e r e  n = 0; 1; 1 -< r / r  0 --< k, we need only a l low fo r  the f i r s t  t e r m  when 14n 2 
- -  l l / s q r  -< 0.01. In th is  e a s e  2qr0(k--  1) >- 2504-- 1 ) r0 / r  14n 2 -  11 and we m a y  a s s u m e  that  

exp [--  2qr o (k - -  1)] ~ 1. (16) 

Subst i tu t ing  the expans ions  (14), (15) into (11)-(13) and tak ing  the  f i r s t  t e r m  into account ,  we obtain  
the  fol lowing a p p r o x i m a t e  e x p r e s s i o n s :  

t(r, p) . Q(p)}~q ]y_r% exp(/ .... qro { r .... l -~ exp --q% • 
F \ / ' 0  , J 

", [2k l -  I~+ , 
/ T O . + 

- i - -  ] / / r  % exp .... qr ~ r _  __l �9 
~~ P): k ( 1 - - v )  q ~ r -  ,% 

, ~  ...... +r , . . . .  t ) i  ( t ) -  
?.2 

k 2 - -  1 

.... 
~ (<' P) = k (1-- 4,) ~ v  L V -~=- 

(17) 

(18) 
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r (-k~-- ]~) } .  (19) 

The values of E(r, p) f rom (19) should vanish at the surfaces of the hol low cyl inder. This condition 
i s  s a t i s f i e d  i d e n t i c a l l y  on the  o u t s i d e  s u r f a c e ;  i t  wi l l  be  s a t i s f i e d  on the  i n s i d e  s u r f a c e  i f  we t ake  (16) into 
accoun t  and n e g l e c t  exp ( - -2q r0 (k - -  1)) in  (19) a s  c o m p a r e d  with  un i ty .  

A l lowing  fo r  (16) and go ing  o v e r  in  (17), (18) f r o m  t r a n s f o r m s  to  o r i g i n a l s ,  we ob ta in  the  fo l lowing 
e x p r e s s i o n s  fo r  the  t e m p e r a t u r e  and the  t a n g e n t i a l  s t r e s s e s  on the  c y l i n d e r  s u r f a c e s :  

t * ( r  o, ~ ) =  1 ~2 =" ,]/-P-~ /*(R, " 0 = 4  ~/__/FOk /er ic  ( ~ ) , k - - 1  (20) 

V n Fo 
~ ' ( r  o, ~ ) = t * ( r  o, ~ ) ( - - t + e ) ,  e =  k2 1 , (21) 

2Fo 4 /eric  k - - 1  
~'(R, ~ ) -  ~ - - i  

i"  erfc z = i '~-I erfc Ed~, P erfc z == erfc z -- VE . 
Z 

T a b l e s  of i n e r f c  a r e  g i v e n  in  [5, 6, 9]. E s t i m a t e s  show tha t  we m a y  t a k e  Fo = 2 �9 10 -2 fo r  k = 1 .2 -1 .5  to  be 
the  u p p e r  b o u n d a r y  of the  d o m a i n  of a p p l i c a b i l i t y  fo r  the  a p p r o x i m a t e  f o r m u l a s  (20)- (22). On the  u p p e r  
b o u n d a r y  the  t e m p e r a t u r e  and s t r e s s  v a l u e s  ob ta ined  f r o m  (20)- (22) a r e  c l o s e  to  the  c o r r e s p o n d i n g  v a l u e s  
f r o m  the  e x a c t  f o r m u l a s  (5), (9), (10). Thus  for  Fo  = 2 " 1 0  -2 ,  k = 1.2 the  a p p r o x i m a t e  and exac t  f o r m u l a s  
g ive  t * ( r  0) = 0.159; 0.157; t * ( R )  = 0.061; 0.060; (r~(r0) = - - 0 . 0 6 9 ;  - -0 .066 ;  ~ f f l )  = 0.029; 0.030. F o r  Fo = 
2 . 1 0  -2, k = 1.5 we ob ta in  t * ( r  0) = 0.159; 0.152; t*  (It) = 0.001; 0.001; o-~ (r0) = 0.127; - -0 .120 ;  o-~ (It) 
= 0.031; 0.031. When  the  e x a c t  f o r m u l a s  w e r e  u s e d  to c ompu te  the  t e m p e r a t u r e  and s t r e s s e s  t he  r o o t s  of 
(6) w e r e  t a k e n  f r o m  [10] and the  B e s s e l  func t ions  f r o m  the  t a b l e s  of [11]. 

Neg l ec t i ng  e ~s c o m p a r e d  with 1 in (21), we ob ta in  the  e x p r e s s i o n  fo r  the  c o m p r e s s i v e  s u r f a c e  s t r e s s  
u sed  in [1] in e s t i m a t i n g  the  c r i t i c a l  t h e r m a l  load  on the  tube  of a f l a s h l a m p .  F o r  a p u l s e  length  r -< 10 -3 
s e c  and t y p i c a l  d i m e n s i o n s  of the  q u a r t z  (a = 7.5 �9 10 -3 c m 2 / s e c )  tube  of the  l a m p  (r 0 = 0.5 cm,  k = 1.3) we 
have  Fo -< 3 �9 10 -~, e -< 1.5 �9 10 -2 .  U n d e r  t h e s e  cond i t ions  the  u s e  of the  a p p r o x i m a t i o n  in [1] is  i u s t i f i ed .  
As  the  p u l s e  length  i n c r e a s e s ,  the  s e c o n d  t e r m  of (21), which d e c r e a s e s  the  c o m p r e s s i v e  s u r f a c e  s t r e s s ,  
ha s  m o r e  and m o r e  in f luence .  With  a l l o w a n c e  fo r  the  u p p e r  bound on Fo,  when k = 1.5, 1.2 the  va lue  of 
Fo - 10 -3 m a y  r e a c h  0.20 and 0.57, r e s p e c t i v e l y .  C a l c u l a t i n g  the  s t r e s s e s  f r o m  (21), (22) we s e e  tha t  
when Fo ~ 10 -2  the  t e n s i l e  s t r e s s e s  on the  o u t s i d e  s u r f a c e  of the  ho l low c y l i n d e r  a r e  s m a l l  c o m p a r e d  with  
the  c o m p r e s s i v e  s t r e s s e s  on the  i n s i d e  s u r f a c e .  When Fo ~ 10 -2 ,  the  t e n s i l e  s t r e s s e s  b e c o m e  the  s a m e  
in o r d e r  of m a g n i t u d e  a s  the  c o m p r e s s i v e  s t r e s s e s  and a r e  d a n g e r o u s  to  such  m a t e r i a l s  a s  q u a r t z  g l a s s  
whose  t e n s i l e  s t r e n g t h  is  m a n y  t i m e s  l e s s  than  the  c o m p r e s s i v e  s t r e n g t h .  

l , e t  us c o n s i d e r  the  t e m p e r a t u r e  and s t r e s s e s  in a ho l low c y l i n d e r  fo r  a v a r i a b l e  s h o r t - t e r m  hea t  
f lux.  We a p p r o x i m a t e  Q(T) by  a p o l y n o m i a l  of d e g r e e  m,  

Q (~) 
= % + a i r  = . . .  -++ ar ,  j " .  (23) 

A 

In the  L a p l a c e - t r a n s f o r m  p l a n e  the  a p p r o x i m a t i o n  (23) wi l l  have  the  f o r m  

Q(p) = 0 !  %@ 1! ~! 
A p - ~ -  al + . . . .  p~-I  ~'~" (24) 

We s u b s t i t u t e  (24) into (17), (18). Going f r o m  t r a n s f o r m s  to o r i g i n a l s ,  we find the fo l lowing  e x p r e s -  
s ions  for  the  t e m p e r a t u r e  and the  t a n g e n t i a l  s t r e s s e s  on the  s u r f a c e s  of the  c y l i n d e r  whi le  t ak ing  (16) into 
accoun t :  

t * ( r o ,  r  t*(R, x ) = 4 V F ~  5, (25) 

2Fo 
(r~' (r 0, x ) = -  |ZFof~= k ~ l  :,, (26) 

(r~ (R, ~) 2Fo - / / - ~  (27) 
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[ _ r ( t )  ~zo+ 

2 
O~ o - -  - -  

r (2) %~ + r (m + 1) c t ~  = 

1! 2 ,~H 2 '~ l 
- .  ~ m ~ j ,  

1 . 3  a~T-~-  . . .  1 . 3  . . .  ( 2 r e - = l )  

1 t 

7 = a o + - ~ - ~ §  . . .  m - ? l  %T , 

( k - - 1 )  1! 4~l~i3erfc ( k - - t )  6=O!aoier fc  ~ - ~  ~ - - . . . - k  

-- m! 4'n%-d'~i~"'§ erfc ( k - -1  
\ 2 I'~-o ..; " 

When Q(r) = A, a 0 = 1, a 1 = a 2 = . . . = a m = 0 a c c o r d i n g  to (23). As we might  expect ,  in this ca se*  
(25)-(27) co inc ide  with (20)- (22), r e s p e c t i v e l y .  

Let  us c o m p a r e  the t e m p e r a t u r e  and s t r e s s  values  f r o m  (25)-(27), Q(T) being app rox ima ted  by the 
po lynomia l  (23), with the r e s u l t s  obtained when the p r o b l e m  is so lved  by the exact  e x p r e s s i o n  fo r  Qff) .  
As  an  example ,  let us examine  an exponent ia l ly  va ry ing  flux 

Q~(~)~A = e x p  ( - -  - - ~ - )  . (28) 

Fo r  (~(p)/A = p + To 1, r = r 0, taking (16) into account  and going ove r  to o r ig ina l s  in (17), (18), we 
obtain the fol lowing solut ion:  

t *  = I F o  _ ' ~ ~-  g, ([ : :  exp expu-dg, (29) 

0 

O'o~ (r o, T) = - -  V ~ -  ' 2Fo % 1-- exp j .~ ~ + k'-'-I r ~ i  (301 

] T:Z" o 
[ ,  

For  , / r / r  0 -< 2 the values  of J expy2dy m a y  be taken f r o m  [10]. For  l a rge  ( r / r  o we have q~ ~ (1/2) 

0 
4 r 0 / r  [12]. We note that  the t e m p e r a t u r e  given by (29) for  the ins ide  s u r f a c e  of the cy l inder  coinc ides  with 
the  s u r f a c e  t e m p e r a t u r e  of a pla te  [13] heated by an exponential  flux, a condi t ion r e s e m b l i n g  (16) being 
sa t i s f i ed  fo r  the plate .  

The heat  f lux Q(T) f r o m  (28) m a y  be a pp rox ima ted  by a po lynomia l  having the f o r m  (23) with the aid 
of a M a c l a u r i n - s e r i e s  expans ion  of exp (--T/T0). In this case  a m = ( - -1)m(1) / (m !r~ n) and the r e m a i n d e r  
of the s e r i e s  is s m a l l e r  in abso lu te  value than [1/(m + 1)!](T/r0) m +  t. Since m = 5 for  r / r  0 --< 1.5, the e r r o r  
is l e s s  than 2%. The t * ( r  0, T)/4--F-6 values  ca lcu la ted  f r o m  (25) for  this c a s e  d i f fe r  by no m o r e  than 2% 
f r o m  the c o r r e s p o n d i n g  values  f r o m  (29). C o m p a r i n g  (26) and (30), we see  that  fo r  the g iven case  the 
va lues  of T in (26) d i f fer  by no m o r e  than 1% f r o m  the c o r r e s p o n d i n g  values  of r0 / r  [1--  exp (--(r / r0))]  in 
(30). The t e m p e r a t u r e  and s t r e s s e s  found with Qff) being app rox ima ted  by a po lynomia l  a g r e e  well  with 
the r e su l t s  g iven by the exact  e x p r e s s i o n  fo r  Q(r) .  

k, a, o~, v, F 

NOTATION 

are the thermal conductivity coefficient, the thermal diffusivity coefficient, the co- 

efficent of linear expansion, the Poisson ratio, and the elastic modulus; 

*Since the polynomials f, 7, 6 are linear in am, we may use the proposed method to solve the inverse 

problem and to find the heat flux Q(T) in the form (23) from the prescribed time dependence of the temper- 

ature or the stresses. If at the times rl, ..., r m we know the corresponding m values of the temperature 

on the inside surface of a hollow cylinder with prescribed k, a, then, substituting the pairs rl, t(r I) ..... 

Tin, t(rm) into the first formula of (25), we arrive at a system of m linear equations for determining the 

coefficients a 0 A ..... a m-iA of (23). In like manner we can obtain the approximation coefficients in (23) 

by using the second formula of (25) or (26), (27), respectively, if for a hollow cylinder with prescribed 

geometric, thermophysical and mechanical characteristics at the times r I ..... r m we know the values of 

the temperature on the outside surface or the values of the stresses on one of the surfaces. 
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0"8, Or, o" z 
Jn(x), Yn(x) 
In(X), K n(x) 

r(x) 

a re  the tangential ,  radial ,  and axial  s t r e s s e s ;  
a r e  the n- th  o rde r  Besse l  functions of the f i r s t  and second kinds, respec t ive ly ;  
a r e  the n-th o rde r  modified Besse l  functions of the f i r s t  and second kinds, r e s p e c -  
t ively;  
is a g a m m a  function. 
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